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Presente

Por medio de la presente, le presento mi informe de las actividades académicas realizadas durante
el afo sabatico que llevé a cabo, del dia 1 de Septiembre de 2018 al 31 de Agosoto de 2019,

1. La estancia sabatica se realiz6 completamente en la Universidad Complutense de Madrid,
con el grupo de investigacion del Prof. Francisco Monroy, Department of Physical Chemistry.
De acuerdo al plan de actividades, realizamos trabajo de investigacion tedrica en:
Aplicaciones de geometria de superficies a la fisica de membranas biolégicas.

Como resultado de este trabajo de investigacion, se tienen:

2.
3.

a)

J.A. Santiago, G. Chacon-Acosta, F. Monroy, Membrane stress and torque induced by
Frank's nematic textures: A geometric perspective using surface-based constraints,
Physical Review E 100, 012704 (2019).

J.A. Santiago, F. Monroy, Mechanics of membranes. En revision en Journal of
Physics A (2019).

Ditribution of membrane stress during cell division. Presentado en el evento
Internacional: Joint 12th EBSA-10th ICBP-IUPAP Biophysics Congress, July 20-24,
Madrid (2019).

Stress tensor induced by the Frank's nematic textures on elastic membranes.
Presentado en el evento Nacional: Primer Simposio en irreversibilidad vy
complejidad, Sep 2-5, CDMX.

Continuacion del trabajo de investigacion con el estudiante del PCNI Gamaliel Torres
Vargas.

Continuacion de un proyecto terminal de un estudiante de Ingenieria en Computacion.

Sin méas por el momento le agradezco su amable atencion,

Atentamente
Casa abierta al tiem

DR. JOSE ANTONIO SANTIAGO GARCIA

Departamento de Matematicas Aplicadas y Sistemas
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Membrane stress and torque induced by Frank’s nematic textures:
A geometric perspective using surface-based constraints
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“h (Reccived 4 March 2019 revised manuscript received 29 May 2019; published 15 July 2019)

An elastic membrane with embedded nematic molecules is considered as a model of anisotropic fluid
membranc with internal ordering. By considering the geometrie coupling between director field and membrane
curvature, the nematic texture is shown to induce anisotropic stresses additional to Canham-Helfrich clasticity.

Building upon differential geometry, analytical expressions

arc found for the membrane stress and torque induced

by splaying, twisting, and bending of the nematic director as described by the Frank energy of liquid crystals.
The forces induced by prototypical nematic textures are visualized on the sphere and on cylindrical surfaces.

DOL 10.1103/PhysRevE. 100012704

L INTRODUCTION

Nematic textures are intrinsically ordered liqu id-crystalline
Structures expected to induce nontrivial stresses on flexible
membranes [1—4]. Their most salient feature is geometric
coupling between the nematic order and mechanical stress,
which configures the equilibrium distribution of membrane
forces. Whereas the curvature elasticity of fluid membranes
has been classically approached from the Canham-Helfrich
(CH) theory [5-9], the nematic texture can be modeled by the
Frank’s energy considering the distortion modes of splaying,
twisting, and bending of the nematic director [10]. There is a
considerable amount of published work on the structural fea-
tures of liquid-crystalline membranes both in the theoretical
side [11-15] and in experimental setting [16-18], including
numerical simulations [ 18]. This work adds up mechanical de-
tails that remain unexplored from a theoretical point of view,
especially regarding extrinsic couplings. By adopting a pure
geometric standpoint, we contribute an analytic theory for the
anisotropic forces induced by the Frank’s energy of nematic
membranes, which goes the well-known geometrical theory
of fluid membranes [19-21]. Using this analytic framework
for nematic membranes, the emergence of topological forces
between defects could be further explored beyond classical
approaches [4,22-25]. The geometric couplings pointed out
configure a counterbalance between membrane elasticity and
underlying nematic ordering, which gives rise to the distribu-
tions of membrane strésses in dependence with the relative
contribution of each material interaction [26-29].

In our approach, the connections between membrane cur-
vature and nematic ordering are introduced as geometric con-
straints to equilibrium forces, Technically, geometric coupling
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is implemented by exploiting the method of auxiliary vari-
ables previously developed in the general context of quadratic
constraints to membrane geometry [30,31]. Specifically, ge-
ometrical and compositional constraints are accounted for as
Lagrange multipliers contributing to minimize the membrane
energy. The curvature-congruent field of membrane stresses -
is obtained in terms of the Frank’s constants for nematic splay
(k1), twist (k2), and bend (k3), which are defined about the
global bending rigidity of the membrane («). The descrip-
tion of the resulting curvature-ordering stresses, hereinafter
referred to as the Frank-Canham-Helfrich (FCH) field, should
enable not only to detail the distribution of membrane forces,
but also to obtain evolution equations in membrane systems
with intrinsic nematic ordering. The geometric interactions
here explicited should become in competition with nematic
forces, thus determining the particular shape of the flexible
membrane, as previously suggested [14,32-35]. We will focus
on the effects imposed by the different Frank's components on
membrane stress and torque, which will be derived for typical
nematic textures in the spherical and cylindrical curvature
settings. The geometric theory approached here represents a
physical description of the mechanics of nematic membranes.
The paper is organized as follows: Section 11 briefly de-
scribes the fundamentals of differential geometry of surfaces
that we will be needed to later establish our theoretical frame-
work. In Sec. I1l the Frank's energy is presented in terms
of the surface director field together with the geometrical
constraints imposed on it, which determine the couplings that
frame nematic membrane energetics. The specific expressions
for stress and torque are presented in Sec. 1V, after detailed
calculations in the Appendix using auxiliary variables, In"
Sec. V, we introduce the total clastic-nematic stress tensor
and the total torque tensor that configurate the core of the
mechanical FCH theory of nematic membranes. In order to
visualize the general results in particular cases, we obtain the
stress and torque induced by some nematic textures in typical
geometric models: in Sec. VI for the sphere, and in Sec. VII
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Mechanics of nematic membranes: Euler-Lagrange
equations, Noether charges, stress, torque and

boundary conditions of the surface Frank’s nematic
field
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Abstract, The mechanics of a flexible membrane decorated with a nematic liquid-
crystal texture is considered in a variational framework. The variations on the splay,
twist and the bend energy of the nematics are obtained from the local deformations
leading to changes in the shape membrane. The Euler-Lagrange derivatives and
the Noether charges are identified from the variational equations. The nematic
stress tensor is obtained as a consequence of translational invariance. Likewise, the
rotational invariance implies the torque nematic tensor. The corresponding boundary
conditions arc obtained for free edges in the open-membrane configuration. These
results constitute the basis of a generalized theory of elasticity for anisotropic nematic
membranes. Some relevant consequences ol the presence of nematic ordering are
visualized at revolution surfaces with axial symmetry.

keywords: Frank’ nematic cnergy, Canham-Helfrich energy, nematic ordering, elastic
membrane, nematic stress tensor.

1. Introduction

The concept of mechanical equilibrium is a cornerstone in understanding the physics of
clastic membranes [1, 2]. The Canham-Helfrich (CH) theory of the curvature-clasticity
of isotropically fluid membranes recapitulates the relevant degrees of freedom involved
in the elastic energy due to curvature [3, 4. The variational minimization of the
CH-functional has been successtully exploited to describe the membrane equilibrium
shapes upon given constraints [5]. More recently, the CH-theory has been also used to
study the distribution of membrane stresses and the induced torque along the fluid
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